Among modified theories of gravity, the teleparallel f (T ) gravity is an intensively discussed model in the literature. The best way to investigate its viability is to derive observable predictions which yield evidence or constraints for the model, when compared with actual observations. In this paper we derive the photon sphere and the perihelion shift for weak f (T ) perturbations of general relativity. We consistently calculate first order teleparallel perturbations of Schwarzschild and Minkowski spacetime geometry, with which we improve and extend existing results in the literature.
I. INTRODUCTION
With the observation of gravitational waves of merging black holes [1] and the first direct picture of a black hole shadow in the center of the galaxy M87 [2] , the possibilities to observe the behavior of gravity in the strong field regime has increased enormously. The newly obtained data is the perfect basis to understand the viability range of general relativity and possible modified gravity theories, suggested as its generalization. Here we derive the influence of a teleparallel modification of general relativity on the photon sphere of black holes and on the perihelion shift of elliptic orbits in spherical symmetry. This is a step to investigate the influence of teleparallel gravity on more realistic spinning black wholes with axial symmetry.
Teleparallel theories of gravity are formulated in terms of a tetrad of a spacetime metric and a spin connection, instead of in terms of a spacetime metric and its Levi-Civita connection [3] . This structure allows for the construction of a huge variety of theories of gravity beyond general relativity, among them the most famous model, the so called f (T ) gravity [4, 5] . In this theory, the Lagrangian is given by an arbitrary function f of the torsion scalar T , which defines the teleparallel equivalent formulation of general relativity (TEGR). Numerous viability criteria for f (T ) gravity have been derived in the context of cosmology [6] [7] [8] [9] . However, not much work has been done in spherical and axial symmetry, mostly due to the lack of analytic solutions of the field equations. To solve the f (T ) gravity field equations in spherical symmetry in all generality for arbitrary f is a difficult task. The main challenge is to find the tetrad, to which one can consistently associate a vanishing spin-connection. This tetrad does not only have to satisfy the symmetric part and anti-symmetric part (the spin-connection part) of the field equations [10] , but also must yield a torsion scalar which vanishes for the Minkowski spacetime limit. A further subtlety is that some solutions of the f (T ) field equations yield a constant torsion scalar T . In this case f (T ) gravity is identical to TEGR plus a cosmological constant and nothing new is obtained. The latter feature is for example present in the first study which tried to find spherically symmetric solutions [11] and also in a later study which used the Noether's symmetry approach to find solutions [12] .
There are only a few publications deriving exact solutions with the correct field equations (see for example [13] ). In addition, some regular black hole solutions (perturbatively and exact) have been found correctly in [14, 15] . When one considers matter, there are some works which have studied the possibility of constructing stars or wormhole solutions in different teleparallel theories of gravity [16] [17] [18] [19] [20] [21] [22] [23] [24] . Overall the issue of finding exact spherically symmetric solutions in f (T )-gravity is still an open problem.
Instead of looking for full analytical solutions, an alternative way to study the astrophysical effects of modified theories of gravity is to employ perturbation theory. The influence of deviations from TEGR can be investigated, by setting f (T ) = T + (1/2)ǫαT p . This model contains TEGR (and GR) in the limit the perturbation parameter ǫ or the coupling constant α goes to zero. It is assumed that the deviation from TEGR is small, (ǫ ≪ 1), and hence, only first order terms in ǫ are relevant in all calculations. In this paper, we consider perturbations around two different background geometries: Minkowski spacetime and Schwarzschild spacetime.
For the first case we keep the exponent p > 1/2 and solve the spherically symmetric perturbative f (T ) field equations in vacuum. We find that, to first order, the teleparallel perturbation of general relativity has no influence at all. This finding is in conflict with results found earlier in [25] . A problem with these earlier derivations is that the f (T ) field equations presented in [25] , equations (8) to (10) , do not have Schwarzschild geometry as a solution for f (T ) = T and vanishing matter. Moreover the tetrad used there does not yield a torsion scalar which vanishes in the Minkowski spacetime limit. These shortcomings made us redoing the calculations, with paying particular attention to the consistency of the perturbation theory.
For the second case, the first order field equations are more involved and can not be solved for general p. To find the astrophysical impact of the parameter p, we derive perturbative solutions for p = 2 to 10, from which we calculate the circular particle orbits for massless particles and the perihelion shift for nearly circular massive particle orbits. The circular orbits of massless particles define the photon sphere, which is interesting in particular, since it defines the edge of the shadow of the black hole. For p = 2 the perihelion shift has already been studied in the literature and we recover the results from [26] . Comparing our calculation with the previous on demonstrates explicitly that the covariant formulation of teleparallel gravity works well. We employ a vanishing spin connection and a non-diagonal tetrad, while in [26] a non-vanishing spin-connection and a diagonal tetrad was used.
The main aim of this paper is to present a careful derivation of the first order f (T ) field equations in the single tetrad framework for the models mentioned above and to derive the perturbative solutions around Minkowski and Schwarzschild geometry. Eventually this procedure gives insights about the phenomenological consequences of the teleparallel corrections to general relativity. This work prepares a more general study where we will derive the phenomenological consequences of teleparallel perturbations of Kerr geometry, with and without cosmological constant.
The article is structured as follows: In Sec. II we give an overview about the covariant formulation of f (T ) gravity and then, we find the corresponding field equations for any spherically symmetric spacetime. Sec. III is devoted to studying the weak power-law f (T ) model for both the Minkowski and Schwarzschild finding the correct metric coefficients which solve the field equations perturbatively. The particle motion phenomenology for the squared powerlaw f (T ) case for the Schwarzschild background is studied in Sec. IV, deriving the deviation from TEGR (or GR) of the photon sphere and the perihelion shift. We conclude our main results in Sec. V Throughout the paper we denote h a µ and h a µ for the tetrad and its inverse respectively, where Latin indices refer to tangent space indices and Greek to spacetime indices. Our signature convention is (+, −, −, −) and we work in units where G = c = 1.
II. COVARIANT FORMULATION OF f (T ) GRAVITY IN SPHERICAL SYMMETRY
Throughout this paper we employ the covariant formulation of teleparallel gravity [27] in the Weitzenböck gauge, also called the pure tetrad formalism. That means we consider a tetrad, its torsion and a vanishing spin connection. All degrees of freedom are encoded in the tetrad which, in the end, solves the symmetric and the antisymmetric part of the f (T ) field equations, and yields a vanishing torsion scalar in the Minkowski spacetime limit. We like to stress that this is equivalent as considering a non-vanishing spin connection and another tetrad, which together solve symmetric and antisymmetric part of the field equations [27] [28] [29] .
A. Covariant teleparallel gravity
The fundamental variables in teleparallel theories of gravity are the tetrad of a Lorentzian metric g = η ab θ a ⊗ θ b , which can be expressed in local coordinates as
and a flat, metric compatible spin connection that is generated by local Lorentz matrices Λ a b
which posses torsion
In the Weitzenböck gauge, the spin connection is set to be zero (ω a bµ = 0) and so, the torsion tensor reduces to
. From here on we will work in the Weitzenböck gauge. This is equivalent to having a non-vanishing spin-connection and a tetrad which solve their respective anti-symmetric part of the field equations. A detailed discussion about this equivalence can be found in references [27] [28] [29] .
The teleparallel equivalent of General Relativity (TEGR) is constructed from the action
where
is the matter Lagrangian for matter minimally coupled to gravity via the metric generated by the tetrads, and the so-called torsion scalar T reads as follows
The superpotential S a µν is given by
, and the appearing components of the metric are understood as function of the tetrads. The modified teleparallel theory of gravity we are investigating is f (T ) gravity, which is a straightforward generalisation of the action (4) as follows
The function f is an arbitrary function of the torsion scalar. Variation with respect to the tetrad h a µ yields the field equations [27]
with Θ a µ being the energy-momentum tensor of the matter field, f T = ∂f /∂T and f T T = ∂ 2 f /∂T 2 . They can be rewritten purely in terms of spacetime indices by contraction with g µρ and h a σ to take the form
Their symmetric part is sourced by the energy-momentum tensor, while their anti-symmetric part is a vacuum constraint for the matter models we consider. The latter is equal to the variation of the action with respect to the flat spin-connection components [28, 29] ,
The explicit form of these equations can be found for example in equations (26) and (30) in [30] by setting the scalar field φ to zero. We do not display these here since we will derive the spherically symmetric field equations directly from (7).
B. Spherical Symmetry in f (T ) gravity
In this section, the f (T ) field equations for a spherically symmetric spacetime will be derived. Let us first start with the following spherically symmetric metric in standard spherical coordinates (t, r, θ, φ)
where A = A(r) and B = B(r) are positive functions which depend on the radial coordinate. This means we consider the outside region of possible black holes. To calculate the field equations, we employ the following off-diagonal tetrad [16] 
This tetrad together with a vanishing spin connection consistently defines a spherically symmetric teleparallel geometry. Hence, it is consistent to derive the f (T )-field equations (7) from this tetrad with vanishing spin connection. Equivalently one could choose a diagonal tetrad with a non-vanishing spin connection [31] , as it was done in [26] . For this setup the torsion scalar becomes
Clearly, if A → 1 and B → 1 (Minkowski limit), the torsion scalar vanishes. Calculating the field equations (7) contracted with h a σ and an anisotropic fluid energy momentum-tensor, defined by the energy density ρ = Θ 0 0 , the radial and the lateral pressures −p r = Θ 1 1 and −p l = Θ 2 2 respectively, we find the non-vanishing independent spherically symmetric f (T ) field equations are the diagonal components H µ µ (no sum taken),
where primes denotes derivatives with respect to the radial coordinate. There are only three independent equations since H φ φ ∼ H θ θ . This also demonstrates that the tetrad (11) is a so called good tetrad, i.e., it solves the antisymmetric field equations H [µν] = 0 with vanishing spin connection. We like to remark here that our choice of tetrad is not the only good tetrad in this sense. The tetrad presented in [10] could be chosen equally well from this point of view. However not all of these good tetrads, in the sense of the field equations, yield consistently a torsion scalar that vanishes for the Minkowski spacetime limit.
A consistency check of the field equations is to set f (T ) = T , hence f T = 1 and f T T = 0, and to see if for ρ = p r = p l = 0, Schwarzschild geometry (A(r) = B(r) −1 = 1 − 2M/r) solves the field equations, which is the case. The last remark leads us to the point that the equations we derived above differ from the spherically symmetric f (T ) field equations in [25] . First, their field equations Eqs. (8)- (10) are not solved by Schwarzschild geometry for f (T ) = T and ρ = p r = p l = 0, as it is the case for our equations. Second the off-diagonal tetrad they choose has the problem that its torsion scalar does not vanish for the Minkowski spacetime limit, which means that it is not the correct tetrads to which one associates a vanishing spin connection.
We will now solve the f (T ) field equations for a specific power law choice for f to first order in a perturbation around Minkowski and Schwarzschild spacetime geometry. In each instance we will compare our results and the ones obtained in [25] and [26] .
III. WEAK POWER LAW f (T ) GRAVITY
In this section we turn our focus to a power-law f (T ) model that reads as
where α and p are constants and ǫ ≪ 1 is a small tracking parameter that, similarly as it was done in [26] , is used to make the series expansion in a coherent way. It allows us to easily track quantities that are considered to be small throughout our calculations.
Since we are interested in perturbations of a Schwarzschild background, the ansatz we employ for the metric coefficients is
where a(r) and b(r) are functions of the radial coordinate. If one uses the above metric coefficients in the f (T ) power-law spherically symmetric field equations (13)- (15) and then expands up to first order in ǫ, the equations become
where µ = (1 − 2M/r) 1/2 was introduced for simplicity and we assumed that the energy momentum-tensor is zero to zeroth order in ǫ. The latter assumption is necessary in order to have Schwarzschild geometry as consistent zeroth order solution. As usual in perturbation theory at this stage, the small parameter ǫ drops out of the equations and they can be solved for the first order perturbations a(r) and b(r). Eq. (20) is an algebraic equation for b(r) that can be easily solved, yielding
Inserting this result for b(r) in (19) and (21), while setting p r = p l , we obtain one remaining partial differential equations, which can be solved for a(r)
In order to continue solving the equations, we will separate the study into two branches: A) M = 0, and p r = p l = −ρ = −Λ as it was studied in Ref. [25] , with the additional constraint p > 1/2 to guarantee well defined field equations. We redo the calculations of [25] , since we find a completely different result for the M = 0. B) M = 0, ρ = p r = p l = 0 and p = 2 to 10. For p = 2 we reproduce the result from [26] .
A. Minkowski background (M = 0)
If one assumes p > 1/2, perturbations around a Minkowski background can be studied by setting M = 0 (µ = 1). It can immediately be seen from the equations (19) to (21) that the influence of the teleparallel perturbation (e.g. the terms proportional to α) drops out. In consequence one obtains the usual first order (A)dS Schwarzschild spacetime geometries as solutions of the perturbed field equations with a cosmological constant as first order matter source, i.e., p r = p l = −ρ = −Λ. The perturbation functions a(r) and b(r) are easily determined from (19)- (21) . The metric coefficients A(r) and B(r) become
for all p > 1/2. Here C 1 and C 2 are integration constants labelling the linearised Schwarzschild solution of general relativity and a constant shift of the Minkowski metric respectively. Usually they are chosen to be C 1 = 2M and C 2 = 0. The Λ term appears due to a non-vanishing cosmological constant we assumed as first order matter source. The solutions we find are completely different to the ones presented in [25] . The source of this discrepancy lies in our choice of the tetrad (11) , to which we associate a vanishing spin connection. The tetrad chosen in the previous work had the drawback that its torsion scalar, see equation (9) in [25] , does not vanish in the Minkowski spacetime limit A → 1, B → 1, but gives 8/r 2 . In turn this leads to an infinite action for Minkowski spacetime. As we mentioned earlier, our tetrad avoids this complication by having a vanishing torsion scalar for the Minkowski spacetime limit.
In this section, we will focus our study on perturbations of Schwarzschild geometry (M = 0) induced by weak power-law f (T ) gravity
for p = 2 to p = 10, since a solution for general p can not be obtained.
The general structure of the vacuum solutions,i.e. ρ = p r = p l = 0, for all p is
The integration constants C 1 and C 2 are determined in a power series expansion in 1 r , such that the zeroth and first order terms in this expansion vanish. Physically this means we use the integration constants to avoid an influence of the teleparallel perturbation in the weak field, resp. large distance, limit. After the integrations constant have been found the solutions take the form
For p = 2 we reproduce the solutions found in [26] A(r)
which can be be expressed conveniently in terms of the variable µ = (1 − 2M/r) 1/2 , giving
Determining the integration constants from the
yields C 2 = −16α/(3M 2 ) and C 1 = −16α/M . For easy comparison with previous approaches we display the solutions (33) and (34) one more time with this choice of integration constants
The leading order terms for the torsion scalar (12) for the weak squared power-law case in a Schwarzschild background behaves as
For the specific choice of C 1 and C 2 we find that in the M → 0 limit A(r) → 1, B(r) → 1 and T → 0. This result coincides with the one presented in [26] .
For the other values of p the calculation follows the same scheme. We display the different solutions in appendix B.
IV. PARTICLE MOTION PHENOMENOLOGY
To relate the influence of a teleparallel modification of general relativity to observables we study the motion of test particles in the background solution defined by the metric coefficients (31) and (32) . We explicitly derive the photon sphere around the black hole and the perihelion shift of nearly circular orbits. Nowadays the photon sphere is of particular interest since it defines the edge of the shadow of a black hole. The perihelion shift was already derived in [26] for p = 2, and here we investigate the influence of the parameter p on this observable.
A. Geodesic equation and effective potential
The worldline q(τ ) of test particles in a curved spacetime is determined by the Euler-Lagrange (EL) equations
of the Lagrangian
,q µ denotes the derivative of q µ with respect to the affine parameter τ . The perturbation functions a(r) and b(r) under consideration can be read off in (31) and (32) .
To solve the EL equations we employ the usual scheme for spherically symmetric spacetimes: we restrict ourselves to motion in the equatorial plane and set θ = π/2, we derive the usual conserved quantities the energy k and angular momentum h
We obtain the effective potential to first order in ǫ from the constancy of the Lagrangian, expressed in terms of the conserved quantities
where σ = 0 for massless and σ = 1 for massive particles. For further calculations we rearrange Eq. (43) as
so we can read off the effective potential to first order in ǫ
For the analysis of the perihelion shift, it is necessary to reparametrise r(τ ) as r(φ), which amounts in the equation
B. Photon sphere and perihelion shift For circular orbits (e.g r = const.,ṙ = 0) the effective potential and its derivative have to vanish. We perturb the radial coordinate of the circular orbit r c = r 0 + ǫ r 1 , the angular momentum h = h 0 + ǫ h 1 and the energy k = k 0 + ǫk 1 and solve both equations V = 0 and V ′ = 0 order by order. For circular photon orbits, σ = 0, solving the zeroth order equations yields
and the first order perturbation gives, for the different values of p, the following numerical values
The analytical expressions for r 1 can be found in appendix A.
We clearly see that for positive α and even p the teleparallel perturbation of general relativity yields a larger photon sphere around a spherically symmetric black hole and thus predicts a larger black hole shadow. For odd p a smaller shadow is predicted. Moreover it is evident that the larger p the smaller the first order influence of the teleparallel perturbation. The relation between the photon sphere and teleparallel perturbations of general relativity is investigated here for the first time.
For circular timelike orbits, σ = 1 it is also possible to solve the equations V = 0 and V ′ = 0. However the appearing expressions are not very insightful. The important observation is that teleparallely perturbed general relativity, not surprisingly, allows for circular orbits, which will be the starting point for the derivation of the perihelion shift now. We consider a perturbation around a circular orbit r c and plug the ansatz r(φ) = r c + r φ (φ) into (47) and obtain
Assuming that the ratio r φ /r c is small, the right hand side can be expanded into powers of this parameter to second order
where we used that for circular orbits V (r c ) = 0 and V ′ (r c ) = 0, as discussed above. The solution r φ thus oscillates with the wave number K = r 4 c h 2 V ′′ (r c ) and the perihelion shift is given by
To derive the explicit expression for the perihelion shift for massive objects we consider the potential V with σ = 1, see (45), its first derivative V ′ and its second derivative V ′′ . We evaluate the equations V (r c ) = 0 and V ′ (r c ) = 0 with h = h 0 + ǫ h 1 and k = k 0 + ǫ k 1 . The zeroth order of these equations determines h 0 (r c ) and k 0 (r c ) as
The first order determines h 1 (r c ) and k 1 (r c ). Depending on the choice of the sign of h 0 we obtain two different solutions for h 1 , the sign of k 0 is irrelevant here,
The sign labeling h 1± refers to the sign chosen of the zeroth order h 0± , which was chosen to calculate h 1± . There is no need to derive k 1 explicitly, since it does not enter the perihelion shift equation. Having obtained the constants of motion for the circular orbit we can derive the perihelion shift by plugging the values into V ′′ (r, k 0 , h 0 , h 1 ) to obtain V ′′ (r c ) alone. Due to the different solutions for the constants of motion there exist two options to derive the perihelion shift
which are related to each other through
Expanding the perihelion shift into a power series in the variable q = M rc yields
∆φ p is the leading order teleparallel perturbation of the usual GR result. For the different values of p it is given bŷ ∆φ p=2 = 8q The qualitative behaviour of the perihelion shift is always the same, only the numerical values differ. As for the photon sphere, the higher p, the smaller the influence of the teleparallel perturbation and corrections to the perihelion shift appear only in higher orders in q.
Since the influence of the teleparallel perturbation decreases with higher power in p the most strict bound on α is obtained for p = 2 and is the one obtained in [26] .
We expect to be able to find stronger bounds from the upcoming study on teleparallel perturbations of rotating black holes.
V. CONCLUSION
In this paper we presented the first order influence of a teleparallel power law f (T ) gravity perturbation of general relativity, in spherical symmetry. The central results of this article are:
• to first order, a power law perturbation of the type f (T ) = T + α 2 T p yields no teleparallel correction to Minkowski spacetime for p > 1/2;
• the explicit derivation of the first order teleparallel f (T ) = T + α 2 T p corrections to Schwarzschild geometry for p = 2 to p = 10, displayed in equations (33) and (34) for p = 2 and in the Appendix B for higher power-law parameter p.
The latter allowed us to calculate the teleparallel modifications of the photon sphere and the perihelion shift. Two observables which are experimental accessible and can be used to check the viability of f (T )-models. For both observables we find that the larger p, the smaller the influence of the teleparallel modification. Thus, the p = 2 model is most constraint from the perihelion shift of mercury, which is |α| max = 2.20 · 10 20 km 2 according to [26] . We expect to find further, stronger constraints, for the different models by studying rotating black holes and their phenomenology.
The results we presented improve and extend existing results on first order power law f (T )-models, which were presented in [25] and [26] . In the first article the tetrad chosen was not compatible with a vanishing spin connection and the field equations were incorrect. During our derivations, we paid particular attention to present all necessary steps in the perturbation theory, so that our results are easily reproducible.
An important opportunity, our here presented approach offers, is to investigate the connection between the vanishing of the first order contributions of teleparallel corrections around Minkowski spacetime and the non-vanishing of the corrections around Schwarzschild geometry, with the degrees of freedom of f (T ) gravity. The latter being debated in the literature [32] [33] [34] . Here we considered static perturbations, in the future non-static spherically and axially symmetric gravitational waves from weak power law f (T ) gravity will be investigated and complement the gravitational wave analysis of f (T ) gravity around Minkowski and FLRW geometry [32, 35, 36] and also at astrophysical level with compact binary coalescences [37] . This paper is a first step towards a complete phenomenological catalogue of observables, which shall be derived in weak power law f (T )-gravity to systematically check its consistency with observations. The next step in this program is to consider axially symmetric perturbations around Kerr spacetime, to derive the change in the photon regions, which will have an imprint on the predictions of the shape of the black hole's shadow.
• p = 6 
